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Position Vectors of Two Bodies
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Distance and Force: Similar Triangles
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F = Vector force (parallel tor ) acting on

body 1, as a result of the gravitational
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Force Formulas
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Java Force Calculation Example

static final double G = ...;            // Gravitational constant
double mass1;                           // Mass of body 1
double mass2;                           // Mass of body 2
Point2D.Double position1;               // Position of body 1
Point2D.Double position2;               // Position of body 2

Point2D.Double displacement = new Point2D.Double(
    position2.x - position1.x, position2.y – position1.y);
double distance = Math.hypot(displacement.x, displacement.y);
double quotient = G * mass1 * mass2 / Math.pow(distance, 3);
Point2D.Double force1 = new Point2D.Double(
    displacement.x * quotient, displacement.y * quotient);
Point2D.Double force2 = new Point2D.Double(-force1.x, -force2.y);

Assume we have the following variable and constant declarations in place. These might be found 
as class variables – in fact, body 1 and body 2 would probably be instances of the same class. 
(Note that the declaration of G is incomplete, since it is missing a value; a value appropriate for 
the units of measurement must be used. Also, Point2D.Double is a class in the java.awt.geom 
package, and an import statement would be required to use the class as seen in this example.)

Given the above variables, with appropriate values for a given moment in time, the following 
calculations would compute force1 (the force acting on body 1) and force2 (the force acting on 
body 2, with the same magnitude as – but opposite in direction to – force1), at that moment:
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Java Velocity & Position Calculation Example

double mass;                            // Mass of the body
Point2D.Double position;                // Position of the body
Point2D.Double velocity;                // Velocity of the body

Assume we have the following variable declarations in place. Again, these would probably be 
class variables, and an import statement would be required for this use of Point2D.Double.

Given the above, the following methods could be used to update the velocity (given a force 
applied over an interval of time) and position (given an interval of time). Note that these are 
approximations that use the Euler method, the most basic form of numerical integration; this 
method is usually not appropriate for use where a high level of accuracy is required. Also, if 
velocity and position are both updated in the same time step (as an alternative, some numerical 
integration techniques update these in a “leapfrog” fashion), most methods dictate that we update 
the velocities of all of the bodies, and then update all of their positions.

void updateVelocity(Point2D.Double force, double deltaTime) {
    velocity.x += (deltaTime * force.x / mass);
    velocity.y += (deltaTime * force.y / mass);
}

void updatePosition(double deltaTime) {
    position.x += (deltaTime * velocity.x);
    position.y += (deltaTime * velocity.y);
}
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Body.java/*
 * Body.java
 *
 * Includes the Body class, encapsulating the physical and rendering behavior of 
 * a single body in a 2-dimensional n-Body problem.
 */

import java.awt.Color;
import java.awt.Dimension;
import java.awt.Graphics2D;
import java.awt.geom.Point2D;
import java.awt.geom.Rectangle2D;

/**
 * The {@code Body} class encapsulates the physical behavior due to gravity of a
 * body in a 2-dimensional n-body system, as well as the rendering behavior for
 * graphical display of the body. Note that the rendering behavior is not 
 * necessarily consistent with the physical properties; in particular, the 
 * rendered size of a body will generally need to be much larger than actual 
 * size and/or out of proportion with other bodies, in order to make the body 
 * visible at the display scale used.
 * 
 * @author Steve Schum & Valerie Salas w/ Nick Bennett
 * @version 1.1, 2008-10-25
 */
public class Body {

    /** 
     * Formatting {@link java.lang.String String} used to convert the current  
     * position to text. 
     */
    private static final String TO_STRING_PATTERN = "[%5.3E, %5.3E]";
    
    /** {@code double} universal (static) gravitational constant. */
    private static double g = 1.0d;
    
    /** {@code double} mass of this {@code Body} instance. */
    private double mass;
    
    /** 
     * {@link java.awt.geom.Point2D.Double Point2D.Double} 2-dimensional 
     * position vector of this {@code Body} instance.
     */
    private Point2D.Double position;

    /** 
     * {@link java.awt.geom.Point2D.Double Point2D.Double} 2-dimensional 
     * velocity vector of this {@code Body} instance.
     */
    private Point2D.Double velocity;

    /** 
     * {@code double} display radius of this {@code Body} instance. 
     */
    private double radius;

    /** 
     * {@link java.awt.Color Color} display color of this {@code Body} instance. 
     */
    private Color color;
        
    /**
     * Creates a new {@code Body} instance, representing a single body in an
     * n-body system.
     * 
     * @param mass          {@code double} mass of the object.
     * @param position      {@link java.awt.geom.Point2D.Double Point2D.Double} 
     *                      2-dimensional position vector.
     * @param velocity      {@link java.awt.geom.Point2D.Double Point2D.Double} 
     *                      2-dimensional velocity vector.
     * @param radius        {@code double} radius of the object for rendering.
     *                      This is not necessarily given in the same scale as 
     *                      the position and velocity vectors, since a body
     *                      generally will be rendered with a size much larger
     *                      scale, in order to be visible.
     * @param color         {@link java.awt.Color Color} used to render the 
     *                      {@code Body}.
     */
    public Body(double mass, Point2D.Double position,
            Point2D.Double velocity, double radius, Color color) {
        this.mass = mass;
        this.radius = radius;
        this.color = color;
        this.position = new Point2D.Double(position.x, position.y);
        this.velocity = new Point2D.Double(velocity.x, velocity.y);
    }
            
    /**
     * Computes the directional force acting on this {@code Body}, due to 
     * the gravitational attraction between this {@code Body} and another
     * (specified) {@code Body} instance.
     * 
     * @param other     {@code Body} producing (with this 
     *                  {@code Body}) a gravitational attraction.
     * @return          {@link java.awt.Point2D.Double Point2D.Double} 
     *                  containing X and Y components of the force vector.
     */
    public Point2D.Double getAttraction(Body other) {
        Point2D.Double difference = new Point2D.Double(
            other.getPosition().x - getPosition().x, 
            other.getPosition().y - getPosition().y);
        double distance = getPosition().distance(other.getPosition());
        double quotient = 
            getG() * getMass() * other.getMass() / Math.pow(distance, 3);
        return new 
            Point2D.Double(difference.x * quotient, difference.y * quotient);
    }
    
    /**
     * Modifies the velocity of this {@code Body}, given a force (presumably 
     * due to gravity) and an interval of time.
     * 
     * @param force         {@link java.awt.Point2D.Double Point2D.Double} 
     *                      2-dimensional force vector acting on this {@code 
     *                      Body} instance.
     * @param deltaTime     {@code double} time step duration over which 
     *                      this force is acting.
     */
    public void accelerate(Point2D.Double force, double deltaTime) {
        Point2D.Double acceleration = 
            new Point2D.Double(force.x / getMass(), force.y / getMass());
        velocity.x += (acceleration.x * deltaTime);
        velocity.y += (acceleration.y * deltaTime);
    }
 
    /**
     * Modifies the position of this {@code Body}, by applying its current
     * velocity over the specified time interval.
     * 
     * @param deltaTime     {@code double}
     */
    public void move(double deltaTime) {
        position.x += (getVelocity().x * deltaTime);
        position.y += (getVelocity().y * deltaTime);
    }
    
    /**
     * Returns the {@link java.lang.String String} representation of this {@code
     * Body} instance's position.
     * 
     * @return      {@link java.lang.String String} representation of this 
     *              {@code Body} instance.
     */ @Override
    public String toString() {
        return String.format(TO_STRING_PATTERN, getPosition().x, getPosition().y);
    }

    /**
     * Renders the {@code Body} to a {@link java.awt.Graphics2D Graphics2D} 
     * device, scaling by the ratio between the physical (pixel) dimensions of 
     * the device and the logical boundaries of the n-body system.
     * 
     * @param graphics      {@link java.awt.Graphics2D Graphics2D} device to 
     *                      which this {@code Body} instance will be rendered.
     * @param windowBounds  {@link java.awt.Dimension Dimension} size (pixel 
     *                      height and width) of the rendering device.
     * @param bounds        {@link java.awt.geom.Rectangle2D Rectangle2D} 
     *                      logical boundaries that will be scaled to the 
     *                      physical boundaries.
     */
    public void draw(Graphics2D graphics, Dimension windowBounds,
            Rectangle2D bounds) {
        double xt = (getPosition().x - bounds.getMinX())
                / bounds.getWidth() * windowBounds.getWidth();
        double yt = (getPosition().y - bounds.getMinY())
                / bounds.getHeight() * windowBounds.getHeight();
        graphics.setColor(color);
        graphics.fillOval((int) (xt - radius), (int) (yt - radius), 
                (int) (radius * 2), (int) (radius * 2));
    }

    /**
     * Returns the mass of this {@code Body} instance.
     * 
     * @return      {@code double} mass of this {@code Body} instance.
     */
    public double getMass() {
        return mass;
    }

    /**
     * Returns the {@link java.awt.geom.Point2D.Double Point2D.Double} 
     * 2-dimensional position vector of this {@code Body} instance.
     * 
     * @return      {@link java.awt.geom.Point2D.Double Point2D.Double} 
     *              2-dimensional position vector of this {@code Body} instance.
     */
    public Point2D.Double getPosition() {
        return position;
    }

    /**
     * Returns the {@link java.awt.Point2D.Double Point2D.Double} velocity
     * vector of this {@code Body} instance.
     * 
     * @return      {@link java.awt.Point2D.Double Point2D.Double} velocity 
     *              vector of this {@code Body} instance.
     */
    public Point2D.Double getVelocity() {
        return velocity;
    }

    /**
     * Sets the {@link java.awt.Point2D.Double Point2D.Double} velocity vector
     * of this {@code Body} instance to a new value.
     * 
     * @param velocity      {@link java.awt.Point2D.Double Point2D.Double} new 
     *                      velocity vector of this {@code Body} instance
     */
    public void setVelocity(Point2D.Double velocity) {
        this.velocity = velocity;
    }
    
    /**
     * Gets the {@code double} value of the universal (i.e. static)
     * gravitational constant.
     * 
     * @return      {@code double} current value of the static 
     *              gravitational constant.
     */
    public static double getG() {
        return g;
    }

    /**
     * Sets the {@code double} value of the universal gravitational constant.
     * 
     * @param g     {@code double} new value of the static gravitational 
     *              constant.
     */
    public static void setG(double g) {
        Body.g = g;
    }

}
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NBodySystem.java/*
 * NBodySystem.java
 * 
 * Contains the NBodySystem class, which extends the JFrame class to create and
 * display a system of bodies moving under the force of gravitational 
 * attraction.
 */

import java.awt.Color;
import java.awt.Dimension;
import java.awt.Graphics;
import java.awt.Graphics2D;
import java.awt.geom.Point2D;
import java.awt.geom.Rectangle2D;
import java.awt.image.BufferedImage;
import javax.swing.JFrame;

/**
 * The {@code NBodySystem} extends the {@link javax.swing.JFrame JFrame} class
 * to render a system of bodies moving under the force of gravitational 
 * attraction.
 * 
 * @author Steve Schum & Valerie Salas w/ Nick Bennett
 * @version 1.1, 2008-10-25
 */
public class NBodySystem extends JFrame {

    /** {@code double} mass of the Sun, in scaled units. */
    private static final double SOLAR_MASS = 4 * Math.PI * Math.PI;

    /** 
     * {@code double} number of earth days per earth year, used for scaling body
     * velocities.
     */
    private static final double DAYS_PER_YEAR = 365.24;
    
    /** 
     * {@code double} duration (in Earth years) of time step used for numerical
     * integration. 
     */
    private static final double TIME_STEP = 0.0002;
    
    /** 
     * {@link java.lang.String String} pattern used to format the number of
     * ticks processed in the simulation.
     */
    private static final String TICKS_PATTERN = "Ticks = %,d";

    /** 
     * {@link java.lang.String String} pattern used to format the simulated time 
     * elapsed, in Earth years.
     */
    private static final String TIME_PATTERN = "Time = %,3.1f Earth years";

    /** 
     * {@link java.lang.String String} title of the window in which the system 
     * is rendered.
     */
    private static final String WINDOW_TITLE = "Simple N-Body System";

    /** 
     * {@link java.awt.Dimension Dimension} static size of the window in which 
     * the system is rendered. This size includes the border frame and the title 
     * bar.
     */
    private static final Dimension WINDOW_SIZE = new Dimension(750, 750);
    
    /** 
     * Fraction of excess window space to include beyond starting positions. 
     * This needs to be sufficient to allow for eccentric orbits, as well as for
     * the window border frame and title bar.
     */
    private static final double WINDOW_MARGIN = 0.1;

    /** 
     * Array of {@link Body Body} instances in the system.
     */
    private Body[] bodies;
    
    /** 
     * {@link java.awt.geom.Rectangle2D Rectangle2D} logical bounds (in scaled 
     * units) of the system.
     */
    private Rectangle2D bounds;
    
    /** 
     * {@code double} current simulated time of the system, where the start of
     * the simulation occurs at time zero (0).
     */
    private double time = 0d;

    /** 
     * {@code long} number of ticks processed to this point of the simulation. 
     * This advances by 1 each time the positions of all bodies in the system 
     * are updated.
     */
    private long ticks = 0;

    /** 
     * {@link java.awt.Graphics2D Graphics2D} buffer to which all {@link Body 
     * Body} instances will be rendered. This is an offscreen buffer, used to
     * eliminate flickering.
     */
    private Graphics2D buffer;

    /** 
     * {@link java.awt.image.BufferedImage BufferedImage} offscreen image to
     * which {@link #buffer buffer} will write the results of any drawing 
     * operations.
     */
    private BufferedImage offscreen;
    
    /**
     * Run the {@code NBodySystem} program by creating an instance of the 
     * class, and calling its {@link #simulate() simulate()} method.
     * 
     * @param args  {@link java.lang.String String[]}command line parameters 
     *              (ignored).
     */
    public static void main(String[] args) {
        new NBodySystem().simulate();
    }

    /**
     * Create a new {@code NBodySystem} instance, to be rendered in the
     * instance's {@link java.awt.Graphics2D Graphics2D} window.
     */
    public NBodySystem() {
        super();
        setupBodies();
        setupFrame();
    }
    
    /**
     * Initializes the array of {@link Body Body} instances, along with the 
     * universal gravitation constant used by the {@code Body} class. Offsets
     * the net momentum of the system to zero, and set the logical boundaries of
     * the system.
     */
    private void setupBodies() {
        Body.setG(1d);
        bodies = new Body[5];
        bodies[0] = new Body(
            SOLAR_MASS, 
            new Point2D.Double(), 
            new Point2D.Double(), 
            4.5,
            Color.YELLOW
        );
        bodies[1] = new Body(
            9.54791938424326609e-04 * SOLAR_MASS, 
            new Point2D.Double(
                4.84143144246472090e+00, 
                -1.16032004402742839e+00),
            new Point2D.Double(
                1.66007664274403694e-03 * DAYS_PER_YEAR,
                7.69901118419740425e-03 * DAYS_PER_YEAR),
            2.5,
            Color.RED
        );
        bodies[2] = new Body(
            2.85885980666130812e-04 * SOLAR_MASS,
            new Point2D.Double(
                8.34336671824457987e+00, 
                4.12479856412430479e+00),
            new Point2D.Double(
                -2.76742510726862411e-03 * DAYS_PER_YEAR,
                4.99852801234917238e-03 * DAYS_PER_YEAR),
            2.25,
            Color.ORANGE
        );
        bodies[3] = new Body(
            4.36624404335156298e-05 * SOLAR_MASS,
            new Point2D.Double(
                1.28943695621391310e+01, 
                -1.51111514016986312e+01),
            new Point2D.Double(
                2.96460137564761618e-03 * DAYS_PER_YEAR,
                2.37847173959480950e-03 * DAYS_PER_YEAR),
            2,
            Color.BLUE
        );
        bodies[4] = new Body(
            5.15138902046611451e-05 * SOLAR_MASS,
            new Point2D.Double(
                1.53796971148509165e+01, 
                -2.59193146099879641e+01),
            new Point2D.Double(
                2.68067772490389322e-03 * DAYS_PER_YEAR,
                1.62824170038242295e-03 * DAYS_PER_YEAR),
            2,
            Color.GREEN
        );
        offsetMomentum();
        offsetAndFramePosition();
    }
    
    /**
     * Adjusts the velocities of all {@link Body Body} instances, so that the
     * net momentum of the system is zero.
     */
    private void offsetMomentum() {
        Point2D.Double momentum = new Point2D.Double();
        Point2D.Double offset = new Point2D.Double();
        double totalMass = 0;
        for (int i = 0; i < bodies.length; i++) {
            Body body = bodies[i];
            double mass = body.getMass();
            Point2D.Double velocity = body.getVelocity();
            momentum.x += mass * velocity.x;
            momentum.y += mass * velocity.y;
            totalMass += mass;
        }
        offset.x = momentum.x / totalMass;
        offset.y = momentum.y / totalMass;
        for (int i = 0; i < bodies.length; i++) {
            Body body = bodies[i];
            Point2D.Double velocity = body.getVelocity();
            Point2D.Double newVelocity = 
                new Point2D.Double(velocity.x - offset.x, velocity.y - offset.y);
            body.setVelocity(newVelocity);
        }
    }

    /**
     * <p>Sets the logical bounds of the display so that they are centered on the 
     * center of mass of the system, and so that extent is 
     * {@code 2 * (1 + WINDOW_MARGIN) *} the maximum distance of any of the
     * bodies from the center of mass. (At this point, the physical coordinate 
     * system used by Java can be compensated for, by "flipping" the logical 
     * boundaries of the system, giving a bounding box with a negative 
     * height.)</p>
     * 
     * <p>Note: This method constructs a square bounding box. If the dimensions
     * of this window aren't square, spatial distortion will happen as a 
     * result.</p>
     */
    private void offsetAndFramePosition() {
        Point2D.Double centerOfMass = new Point2D.Double();
        double totalMass = 0;
        double maxDistance = 0;
        for (int i = 0; i < bodies.length; i++) {
            Body body = bodies[i];
            double mass = body.getMass();
            Point2D.Double position = body.getPosition();
            centerOfMass.x += position.x * mass;
            centerOfMass.y += position.y * mass;
            totalMass += mass;
        }
        centerOfMass.x /= totalMass;
        centerOfMass.y /= totalMass;
        for (int i = 0; i < bodies.length; i++) {
            Body body = bodies[i];
            Point2D.Double position = body.getPosition();
            maxDistance = Math.max(maxDistance, position.distance(centerOfMass));
        }
        bounds = new Rectangle2D.Double(
            centerOfMass.x - maxDistance * (1 + WINDOW_MARGIN), 
            centerOfMass.y + maxDistance * (1 + WINDOW_MARGIN),
            2 * maxDistance * (1 + WINDOW_MARGIN), 
            -2 * maxDistance * (1 + WINDOW_MARGIN)
        );
    }
    
    /**
     * Updates the velocities and positions of all {@link Body Body} instances,
     * advances the clock and tick counter, and requests a re-rendering of the 
     * window contents.
     */
    private void updateBodies() {
        for (int i = 0; i < bodies.length - 1; i++) {
            Body firstBody = bodies[i];
            for (int j = i + 1; j < bodies.length; j++) {
                Body secondBody = bodies[j];
                Point2D.Double force = firstBody.getAttraction(secondBody);
                Point2D.Double oppositeForce = 
                        new Point2D.Double(-force.x, -force.y);
                firstBody.accelerate(force, TIME_STEP);
                secondBody.accelerate(oppositeForce, TIME_STEP);
            }
        }
        for (int i = 0; i < bodies.length; i++) {
            bodies[i].move(TIME_STEP);
        }
        time += TIME_STEP;
        ticks++;
        this.repaint();
    }
    
    /**
     * Repeatedly updates the state of the system. Since the window is 
     * configured to terminate the program thread when it is closed, that will
     * terminate what would otherwise be an infinite loop.
     */
    public void simulate() {
        do {
            updateBodies();
        } while (true);
    }
    
    /**
     * Customizes the attributes and behaviors of this subclass of {@link 
     * javax.swing.JFrame Frame}. In this case, the customizations needed are
     * for the size, the resizability (none), the title, the background color,
     * and the default close behavior of the window.
     */
    private void setupFrame() {
        setTitle(WINDOW_TITLE);
        setDefaultCloseOperation(JFrame.EXIT_ON_CLOSE);
        this.setResizable(false);
        setMinimumSize(WINDOW_SIZE);
        setBackground(Color.BLACK);
        offscreen = new BufferedImage((int) WINDOW_SIZE.getWidth(), 
                (int) WINDOW_SIZE.getHeight(), BufferedImage.TYPE_3BYTE_BGR);
        buffer = (Graphics2D) offscreen.getGraphics();
        setVisible(true);
    }

    /**
     * Renders the system of {@link Body Body} instances to the offscreen 
     * graphics device, and then copies its contents to the specified graphics
     * device.
     * 
     * @param g     {@link java.awt.Graphics Graphics} device associated with 
     *              this window.
     */ @Override
    public void paint(Graphics g) {
        Dimension windowBounds = getSize();
        buffer.clearRect(0, 0, 
                (int) windowBounds.getWidth(), (int) windowBounds.getHeight());
        buffer.setColor(Color.WHITE);
        buffer.drawString(String.format(TIME_PATTERN, time), 7, 40);
        buffer.drawString(String.format(TICKS_PATTERN, ticks), 7, 60);
        for (int i = 0; i < bodies.length; i++) {
            bodies[i].draw(buffer, windowBounds, bounds);
        }
        g.drawImage(offscreen, 0, 0, this);
    }
    
}


