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Introduction
This project aims to help restore ancient musical tradition by reconstruct-

ing the chelys, a Greek chordophone over 2500 years old [1]. I will first con-
struct a computational model of the instrument, where size and shape can be
changed to test the spectrum of frequencies the instrument can play (musical
spectrum).
Plan

I hypothesize that there are optimal dimensions of the chelys which best
fit the ancient Greek musical system. A method of testing different dimen-
sions and their respective acoustical outputs will be used to discover these
parameters. How will altering the dimensions of the chelys affect its musical
spectrum? Which dimensions best fit the musical system that its ancient
players would have used? To answer these questions, a computational model
of the chelys must be derived.
Model

The musical spectrum of the chelys is produced when string vibrations
resonate inside the instrument’s body, in this case a tortoise shell [1, 2, 3] .
Therefore, my model will need to accurately represent the shape and acous-
tical properties of a tortoise shell. To determine such a model, I assume
that the base of the tortoise shell is elliptical. Thus, the first equation of my
model is the standard formula of an ellipse, set in the x-z plane:
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where h and j are the center and radius of the major axis, respectively, and
k and m are the center and radius of the minor axis, respectively. Figure
1 shows an example of such an elliptical base with the input parameters
labelled.

Next, the curve of the tortoise shell can be fitted to a set of parabolas.
The first will be in the x-y plane, and the second will be a series of parabolas
in the y-z plane, each perpendicular to the x-y parabola and with vertices
intersecting the x-y parabola.

The x-y parabola is given by:

y(x) = a(x− h)2 + p (2)
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Figure 1: An example of an elliptical base of the tortoise shell with parame-
ters m=5, j=4.5, h=5.5, and k=0.

where a relates to the parabola’s curvature and p is the height of the parabola.
An example of an x-y parabola with input parameters labelled is shown in
Figure 2.

a can be derived by setting x and y equal to the x and y coordinates
of the parabola’s extremum and solving algebraically for a. The resulting
formula is as follows:

a = − p

j2
(3)

The y-z parabolas are described by the following equation:

y(x) = b(x)(z − k)2 + r(x) (4)

where r(x) is the height of each parabola and b(x) relates to the curvature
of the parabola. y(x), b(x), and r(x) depend on x since the curvature and
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Figure 2: An example of an x-y parabola with input parameters p=10, h=5.5,
and a=-2.23.

height of the parabolas change in accordance with the change in height of
the x-y parabola. Figure 3 shows an example of a y-z parabola with input
parameters labelled.

r(x) is the y-coordinate of a given point on the x-y parabola as a function
of x:

r(x) =
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− p

j2

)
(x− h)2 + p (5)

b(x) is derived in the same manner as a for the x-y parabola:

b(x) = − r(x)
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Figure 3: An example y-z parabola where k=0, r(x)=7.5, and b(x)=-0.25.

Implementation and Expected Results
Values of the input parameters (h, j, k, m, and p) will be changed to

produce different dimensions of the tortoise shell. How the chelys’ dimensions
affect its acoustical properties will be tested through the following procedure:

1) Using the model described above, different variants of tortoise shell
will be programmed in the mesh generator Gmsh [4, 5].

2) The Gmsh meshes will then be fed into a solver that uses finite element
analysis to output certain acoustical properties of the shells, following the
example given by Jeremy Bleyer [7] . Examining these acoustical properties,
I hope to discover the optimal combination of timbre and pitch that fit the
ancient Greek musical system [6, 8].
Appendix

All plots were made with MatPlotLib[9]. The following code produces a
model of the turtle shell’s dimensions. I will use this code to mesh my object
in Gmsh.
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#This i s the equat ion f o r r , the max he ight o f each y=z parabola

de f rx (p , h , j , x ) :
r = =p/ j **2 * (x=h)**2 + p
return r

#This i s the equat ion f o r b , the p r e f a c t o r f o r
#curvature o f each y=z parabola

de f bx ( r , h , j ,m, x ) :
i f ( ( x=h)/ j )**2 != 1 . 0 :

b = =r / ( (m**2)*(1=((x=h)/ j )**2 ) )
e l s e :

b = 0 .0
re turn b

#This f i n d s the y coo rd ina t e s cor re spond ing to the
#x and z coo rd ina t e s r a s t e r ed along the y=z parabo las
#I f the z coo rd ina te i s not on a given parabola ,
#the corre spond ing y coord ina te d e f a u l t s to =1
#The func t i on then r e tu rn s an array o f y coo rd ina t e s
#de f ined as the Yraster

de f Parabs (p , h , k , j ,m, Xraster , Zraster , Nx , Nz ) :
P a r a b s l i s t = np . z e r o s (Nx*Nz , dtype=f l o a t )
Parabs array = Pa r ab s l i s t . reshape ( [Nx,Nz ] )
i = 0
f o r x in Xraster :

d = 0
r = rx (p , h , j , x )
b = bx ( r , h , j ,m, x )
f o r z in Zra s t e r :

i f z <= (1=((x=h)/ j )**2)**0 .5*m+k and \
z >= =(1=((x=h)/ j )**2)**0 .5*m+k :

Parabs array [ i ] [ d ] = b*( z=k )**2 + r
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e l s e :
Parabs array [ i ] [ d ] = =1

d = d+1
i = i+1

return Parabs array

#This shows how many po in t s a long each y=z parabola were r a s t e r ed
#I t a l s o shows the f i r s t and l a s t i n d i c e s o f each l i n e o f the array
#to have a y=coo rd inate on the parabola
#This w i l l be used to generate the mesh in Gmsh

de f FindBoundaries ( Yraster , Nx, Nz ) :
numbers = np . z e r o s (Nx, dtype=in t )
z index0 = np . z e r o s (Nx, dtype=in t )
z index1 = np . z e r o s (Nx, dtype=in t )
f o r i in range (0 , Nx ) :

counter1 = 0
f i r s t i n d e x = =1
l a s t i nd ex = =1
f o r d in range (0 , Nz ) :

i f Yraster [ i ] [ d ] > =1:
counter1 += 1
i f f i r s t i n d e x < 0 :

f i r s t i n d e x = d
i f l a s t i nd ex < 0 and f i r s t i n d e x > 0 \
and Yraster [ i ] [ d ] < 0 :

l a s t i nd ex = d=1
numbers [ i ] = counter1
z index0 [ i ] = f i r s t i n d e x
i f l a s t i nd ex < 0 :

l a s t i nd ex = Nz = 1
zindex1 [ i ] = l a s t i nd ex

re turn numbers , zindex0 , z index1
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